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We describe a minimal model, based on a spin only Hamiltonian with a single energy scale for
itinerant electron metamagnetism. Within this model the metamagnetic critical field is directly
proportional to the temperature where a peak in the linear susceptibility occurs which in turn
is related in a simple manner to the temperature where the nonlinear susceptibilities also peak.
The spin dependent thermodynamic properties are derived in a straightforward manner and bear a
striking resemblance to observations in such strongly correlated systems as heavy fermion materials.
We also consider extensions of the model by including effects such as a mean field to encompass
observed deviations from a minimal metamagnetic behavior.
PACS numbers: 75.30.Mb, 75.20.Hr
I. INTRODUCTION
Metamagnetism refers to the response of a system to an
external magnetic field where the field dependent mag-
netization at low enough temperature suddenly increases
from a small value to a large value at a critical field.
In many materials the transition is sharp at tempera-
ture T = 0 but generally gets smoother with increasing
temperature. It is a quantum phase transition which
takes place at B = Bc and T = 0. At any finite tem-
perature, there is no metamagnetic transition but only a
point of inflection in the magnetization which disappears
at higher temperatures.
The phenomenon of metamagnetism is seen in many
diverse solid state systems1. In the (insulating) transition
metal compounds such as FeCl2 and DyPO4 it is ascribed
to an anisotropic antiferromagnetic ground state where
the antiferromagnetic correlations are destroyed by an
external magnetic field. The correlations arise from inter-
ionic, usually antiferromagnetic (AFM) exchange inter-
action while the anisotropy comes from the crystalline
electric fields. When the magnetic field is applied in a
specific direction, the spins respond to it only after the
field increases beyond a certain threshold, which may de-
pend on the direction. Since the tendency for the spins
to resist alignment are governed by the exchange inter-
action, the critical magnetic field should scale with the
AFM ordering temperature. The effective Hamiltonian
is a spin Hamiltonian based on real spins and the crystal
electric fields are dependent on the real lattice structure.
Metamagnetic properties in strongly correlated elec-
tronic materials such as heavy fermion systems (HFS)
have a different manifestation2. Here the principal en-
ergy scale is the ion-electron Kondo interaction and the
principal correlation must be something related to Kondo
temperature. Kondo compensation for a single impurity
spin is a crossover effect, i.e., the observables tend to
change smoothly with temperature and field. There is no
phase transition. However, there could be a (quantum)
field induced phase transition for conduction electrons in
a lattice of spins as is the case for HFS. The critical field
Bc[Tesla] in such compounds has been shown by Hirose
et al.3,4 to scale with ≈ 1.5 T1[Kelvin] where T1 is the
temperature where a peak in the linear susceptibility is
invariably present. The critical field does not seem to
depend on the lattice structure or other microscopic de-
tails of the system. Hirose et al. have also shown the
inverse of the peak value in the susceptibility also scales
in a manner similar to that found earlier in intermetallic
compounds5.
In more recent work7,8 Shivaram et al. introduced a
comprehensive study of the nonlinear magnetic field re-
sponse in HFS. In a paramagnet, the third order suscepti-
bility is negative; in a metamagnet, one might expect it to
become positive at temperatures below T1. Indeed, Shiv-
aram et al. found it has a peak at a temperature T3 which
scales with T1, i.e., T3 ≈ 0.5T1. Thus there appears to be
a single energy scale involved that governs the behavior of
the susceptibilities. The earliest theoretical suggestion of
a single energy scale in the context of strongly correlated
electronic systems may be found in the scaling sugges-
tions of Wohlleben et al9 and Thalmeier and Fulde10 .
There have also been other scaling approaches11,12.
In a follow up publication, Shivaram et al. have also
studied the sound velocity in UPt3 as a function of mag-
netic field and found anomalies in the vicinity of the criti-
cal field13. The principal conclusion from all these recent
experiments is that, to a good approximation, there is a
single energy scale and therefore a simple, minimal effec-
tive Hamiltonian.
The purpose of this paper is to provide in a compre-
hensive manner the results that may be obtainable from
a minimal model, where metamagnetism is viewed as re-
sulting from a crossing of two energy levels, one with a
small magnetic moment and another with a large one,
at the critical field. Specifically, we consider an effective
spin S = 1 model whose energy levels are separated by
∆ and an effective Hamiltonian
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2H = ∆S2z − γBSz (1)
with ∆ > 0. Here metamagnetism happens at Bc = ∆/γ.
It is sharp at T = 0 but broadens as the temperature
increases. As will be shown in Sect. II, the temperature
dependence of the linear susceptibility has a peak at
T1 = 2∆/3k. The nonlinear susceptibilities, generally
expected to be small, turn positive as the temperature
decreases below T1 and have a sizeable peak at temper-
atures similar to those seen in experiments14,15. The
linear susceptibility, in particular its value at the peak,
is inversely proportional to ∆, same as the correlation
noted by Saito et al.4. Likewise, the nonlinear suscepti-
bilities should have peak values inversely proportional
to ∆n (where n = 3 or 5 for the third or fifth order
susceptibility, respectively). It is understood that the
effective spin Hamiltonian 1 is meant to describe metam-
agnetism in a highly simplified way, at temperatures not
much greater than ∆/k. The Hamiltonian is a standard
anisotropic case, one that might arise from an interaction
that breaks rotational symmetry of the spin space. In a
physical realization of this model there is a localized spin
oriented in the z-direction dictated by a crystal field and
an itinerant electron, s or p like, antiferromagnetically
coupled to the localized spin. The effects on pressure,
or more generally on strains, are included through a
deformation dependence of ∆. The z-axis is simply any
direction along which metamagnetism occurs. A simple
metamagnetic Hamiltonian is one that reduces to 1, at
least approximately, for one or more directions, possibly
with different ∆ and/or γ values in different directions.
This paper is organized as follows: Section II contains
a discussion of the model we propose and the associated
spin Hamiltonian. The model is used to calculate the
Helmholtz free energy which then leads to an evaluation
of a number of thermodynamic observables as well as the
nonlinear susceptibilities. Section III presents extensions
to the minimal model by including a mean field as well
as by broadening the energy levels. Where possible we
try to provide references to experimental results mostly
citing those observed in the heavy fermion metamagnets,
UPt3 and CeRu2Si2. This is done for convenience but
similar metamagnetic responses maybe found in a wide
variety of strongly correlated d and f-electron itinerant
systems. Sec. IV contains a summary of our results and
a discussion of the assumptions and contexts in which
they were obtained. An appendix is included in the end
with additional results of interest.
II. THE MINIMAL MODEL
Consider a localized spin 1, resulting from the combi-
nation of two or more half-integer spins, that is forced
by a crystal field to lie in the xy plane, i.e., away from
the z-direction. There is no interaction with other spins
in the material, which may be crystalline or amorphous.
The Hamiltonian is
H = ∆S2z − γB · S (2)
This reduces to Eq. 1 when B is in the z direction
and represents the simplest example of metamagnetism.
There is only one energy scale, ∆. For ∆ > 0 the ground
state is nonmagnetic but the excited state, separated by
energy ∆, is endowed with a full moment. As we show
below, the metamagnetic phase transition occurs only
in one direction, the z axis selected by the crystal field.
We consider this to be the ”minimal model” and we use
it as the starting point for further work. More complex
energy level schemes (instead of the singlet-doublet here)
give similar results.
We first work out the magnetic observables in this
model, such as the magnetization and the susceptibilities
of various order. We next evaluate other observables
such as the heat capacity and bulk modulus. The
(possible) dependence of ∆ and γ on the volume V is
touched upon in the end.
A. Magnetization, susceptibilities
We start with the simple cases when B is parallel and
perpendicular to z. We next evaluate the more general
case of an arbitrary field direction.
1. B parallel to z
To proceed we need the three energy eigenvalues 1 =
0, 2 = ∆ − γB and 3 = ∆ + γB. The non-magnetic
level 1 is the ground state until B reaches the critical
value Bc = ∆/γ, at which point the magnetic level 2
becomes the ground state. This level crossing causes the
metamagnetic phase transition.
The free energy F (B, T ) and the magnetization M =
−∂F/∂B are given by
F (B, T ) = −kT ln
[
1 + 2e−∆/kT cosh(
γB
kT
)
]
(3)
m =
M
γ
=
sinh (b/τ)
a+ cosh (b/τ)
. (4)
Here and in the following b = γB/∆ and τ = kT/∆;
further, until new notice, a = 12e
1/τ . As expected, at
low temperatures the magnetization rises rapidly around
b = 1, with the width of the rise gven by 2τ , and there
is a crossing of the magnetization isotherms at m = 1/2
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FIG. 1. The magnetization isotherms of a minimal meta-
magnet. The magnetization at T = 0 is zero unless the ap-
plied field is equal to or beyond the metamagnetic critical field
b = 1. There is thus a first order transition only at T = 0.
At T > 0 instead of a sharp jump there is a gradual rise in
the magnetization albeit with a more rapid increase near the
critical field resulting in a point of inflection. Such a rapid
rise completely vanishes (together with the inflection point)
gradually as the temperature is raised. τ is the reduced tem-
perature, τ = kT/∆, with ∆ being the single energy scale in
the model.
(Fig. 1).
The zero-field susceptibilities (at constant volume) also
display the expected metamagnetic behavior. It is con-
venient to define dimensionless susceptibilities, linear as
well as nonlinear, from the expansion m = χ1b++χ3b
3 +
χ5b
5; the measured susceptibilities are γ(γ/∆)nχn. In
the present case one finds:
χ1z =
1
τ
1
a+ 1
(5)
χ3z =
1
6τ3
a− 2
(a+ 1)
2 (6)
χ5z =
1
120τ5
a2 − 13a+ 16
(a+ 1)
3 (7)
As seen in Fig. 2, the linear susceptibility is positive
everywhere but the nonlinear susceptibilities change sign
at characteristic temperatures. The third order suscep-
tibility χ3 is negative for τ ≥ 0.73 while χ5 is negative
for τ ≥ 0.32. We see that the peak temperatures τn for
χn(τ) are τ1 = 0.68, τ3 = 0.27 and τ5 = 0.18. The ratios
of the peak temperatures are close to what is observed in
experiments. Moreover, it seems that χ3 changes sign ap-
proximately where χ1 is maximum. Likewise, χ5 changes
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FIG. 2. Shows the linear, χ1, third order, χ3, and fifth
order, χ5, susceptibilities calculated in the minimal model as
a function of the reduced temperature, τ = kT/∆, for the case
when the magnetic field is parallel to the z-axis. Note that the
positions in temperature of the maxima in the susceptibilities
move to progressively lower values - reduced roughly by a
factor of 2 going from χ1 to χ3 and from χ3 to χ5.
sign around where χ3 has a maximum. Since the peaks
of the χn’s are of order 1, the measured susceptibilities
γ(γ/∆)nχn scale inversely with ∆
n.
While the susceptibilities describe the low field behav-
ior of the magnetization there are also notable features in
high fields (Fig. 3). The peak in the magnetization seen
at low fields shifts to a lower temperature and approaches
the limit T = 0 precisely for b = 1. For constant fields
b > 1 the behavior is Curie-like for most of the tem-
perature range, but saturates at the lowest temperatures.
2. B perpendicular to z
In this case, the energy levels are 1 =
1
2∆(1− r), 2 =
∆ and 3 =
1
2∆(1 + r), with r =
√
1 + 4b2 (see Fig. 6b).
The ground state is always 1, which is paramagnetic at
low B.
The partition function is
e−F/kT = e−1/τ + 2e−1/2τ cosh (r/2τ) (8)
The magnetization is
m =
4b
r
sinh (r/2τ)
e−1/2τ + 2 cosh (r/2τ)
(9)
and the susceptibilities in any direction perpendicular to
z are given by:
χ1x =
2a− 1
a+ 1
(10)
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FIG. 3. The temperature dependent magnetization of a
minimal metamagnet at various constant magnetic fields both
above and below the critical field. The magnetization at T =
0 is zero unless the applied field is equal to or beyond the
metamagnetic critical field b = 1. In measurements however
a non-zero m is observed16,17 for b < 1.
χ3x = −4aτ(2a+ 1)− 10a− 4τ − 1
2τ(a+ 1)2
(11)
χ5x =
3N5
4τ2(a+ 1)3
(12)
withN5 = 2aτ(8a
2τ+12aτ−10a−11)−6a2+3a−8τ2−2τ .
The magnetization evolves smoothly with field and has
no discontinuities (Fig. 4). All of the susceptibilities,
linear as well nonlinear, increase in magnitude monoton-
ically with decreasing temperature, as shown in Fig. 5.
3. B in the xz plane
This is the general case, when the field is at an angle
θ with the z axis. The Hamiltonian (2) is conveniently
written as
H = ∆ (S2z − bz Sz − bx Sx) (13)
The three eigenvalues of H are, k = ∆λk, where the λk
are the roots of the equation
λ3 − 2λ2 + λ (1− b2)+ b2x = 0, (14)
i.e., λk =
2
3
(
1 +
√
1 + 3b2 cos
α+ 2pik
3
)
for k =
1, 2, 3. Here α is arctan(
√
3Y/X) for X > 0 and
pi − arctan(√3Y/|X|) for X < 0, with
X = 6 bz
2 − 3 bx2 − 2/3
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FIG. 4. The magnetization isotherms for fields parallel to
the x-axis i.e. perpendicular to the metamagnetic direction
for four different temperatures. Although the behavior for
this orientation appears similar to that of a paramagnet it is
distinct as given by Eq.(9).
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FIG. 5. Shows the linear, χ1x, third order, χ3x, and fifth or-
der, χ5x, susceptibilities calculated in the model as function
of the reduced temperature, τ = kT/∆, for the case when
the magnetic field is perpendicular to the metamagnetic di-
rection. In this geometry the behavior of χ1x, χ3x, and χ5x
is monotonic, with successive higher orders alternating from
positive to negative, with no zero crossing for any of them.
Note that χ1x turns out to be significantly larger than χ1z
whereas the opposite is true in real systems. This can be eas-
ily rectified by taking an anisotropic γ or g-factor. There is
direct experimental evidence for large g-factor anisotropies in
many heavy fermion metamagnets18,19
.
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FIG. 6. Shows the magnetization calculated in the model
as a function of the reduced magnetic field, b, applied in a
direction tilted by angle θ away from z, with s=sinθ.
Y =
√
4 b2z(b
2 − 1)2 + b2x(27 b2z + b2 + 4 b4)
These eigenvalues are plotted in Fig. 6 as a function of
b for several values of sin θ = bx/b. It is seen that, for b
near 1 and small θ, we have an avoided crossing described
approximately by
λ1,2 ≈ 1
2
(
1− bz ±
√
(1− bz)2 + 2b2x
)
. (15)
At any angle θ, the magnetization in the direction of
B is γm‖ = −∂F/∂B. Fig. 7 has plots of m‖ at T = 0,
showing that the effect of θ is similar to the effect of T
at θ = 0, shown in Fig. 1. For small θ and τ , m‖ rises
sharply near b = 1, and ∂m‖/∂b has a peak of height
p =
√
2
4bx
tanh
(√
2bx
τ
)
(16)
and width 1/p. This reduces to 2τ for bx = 0, as already
noted after Eq. (4), and to 2
√
2 bx for τ = 0.
We can also obtain the low-field susceptibilities for any
direction of the field, using the expansions:
λ1 = b
2
x
(−1 + b2x − 2b4x + (4b2x − 1)b2z − b4z)
λ2 = 1− λ1
2
− Y
2
(
21 b4x − 12 b2b2x + b4 − 4b2x + b2 + 1
)
and λ3 equal to λ2 with Y → −Y .
To first order, mz/bz = χ1z and mx/bx = χ1x are given
by Eqs. (5) and (10), and χ1‖ = m‖/b = χ1zc2 + χ1xs2,
with c = cos θ, s = sin θ.
The third-order terms in mz/bz are χ3zb
2
z+χzxb
2
x, with
χ3z given by Eq. (6) and
χzx =
4 a2τ2 + 2 aτ2 − 2 τ2 − 2 τ a− 2 τ − 3
(a+ 1)2
.
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FIG. 7. Shows the energy levels calculated in the model as
a function of the reduced magnetic field, b, for (a) when the
magnetic field is tilted by an angle θ = sin−1s, (b) parallel
to the metamagnetic direction z and (c) perpendicular to the
metamagnetic direction. Also shown in (b) is the scenario
when the ground state has a non-zero width (hashed region)
and is a narrowly split doublet (horizontal dashed line).
The result formx is analogous, with χ3x given by Eq. (11)
and χxz = χzx. Then χ3‖ = χ3zc4 + χ3xs4 + 2χzxc2s2.
The fifth order terms are χ5zb
4
z + χzzxb
2
zb
2
x + χzxxb
4
x
and the same for z  x, with χ5z and χ5x from Eqs. (7)
and (12). Since χzzx = 2χxzz and χxxz = 2χzxx, we still
need only
χzxx =
1 + 6τ + 24τ2 − 6τ2(4τ − 1)(2a− 1)
12τ4(a+ 1)
− Qzxx
8τ
χxzz =
48aτ4 − 24τ4 − 24τ3 − 12τ2 − 4τ − 1
12τ4(a+ 1)
− Qxzz
8τ
where Qzxx = 2χ1zχxx + χ1zχ
2
1x + 4χzxχ1x and z  x
gives Qxzz.
Then χ5‖ = χ5zc6 + 3χxzzc4s2 + 3χzxxc2s4 + χ5xs6.
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FIG. 8. Shows the inverse susceptibility calculated in the
model as a function of temperature. The three lines cor-
respond to the three different values of the mean field pa-
rameter, λ used in Fig. 8. A ferromagnetic mean field not
only shifts the metamagnetic transition to lower fields it also
sharpens it. The opposite is true for an antiferromagnetic
mean field.
B. Specific Heat
The specific heat at constant volume is given by
CV (B, V, T )/T = −∂2F/∂T 2, per formula unit, in addi-
tion to the non-magnetic contribution. The experiments
are carried out at constant P , and CP differs from CV in
the presence of magnetostriction, as we discuss in Sub-
section D.
For a B-field in the z direction, CV /T has a rich struc-
ture. At low fields the minimal model, from Eq. (3),
predicts a peak at a temperature that scales with ∆ in a
manner similar to that seen in many HFS22,23. At low T ,
the predicted field dependence has the M shape seen in
the inset of Fig. 9. A similar shape of C/T is indeed ob-
served in some metals24, and a nearly perfect M is seen in
molecular magnets, where similar Hamiltonians are em-
ployed to describe the observed properties26. However,
many HFS exhibit a single peak25 at the critical field.
The extinction of CV /T at b = 1 originates from the per-
fect crossing of the energy levels. This extinction can be
lifted by an anticrossing which can be modeled through
various means. The main part of Fig. 9 shows that this
can be achieved with a small tilt of the magnetic field
away from z.
C. Magnetoelastic Properties
The magnetic free energy F (B, T, V ) depends on V
(and more generally on strain) through the energy scale
∆, and also through γ, which is proportonal to the g-
factor. We discuss in detail the effect of ∆(V ); the ef-
fect of γ(V ) is treated in the same way, noting also that
∂F/∂γ = −Bm.
To a sufficient approximation, the pressure is
P = −K0 V − V0
V0
− ∂F
∂V
, (17)
where K0 and V0 are effectively constant and ∂F/∂V =
βη, with
β =
d∆
dV
, η =
∂F
∂∆
. (18)
We note that β(V ) is a property of each material, while
η(∆,B, T ) is universal, within the model.
The bulk modulus is K = −V ∂P/∂V with
∂P
∂V
= −K0
V0
− ∂
2F
∂V 2
. (19)
The square of the longitudinal sound velocity is pro-
portional to K, hence its dependence on B and T is
δvs
vs
=
1
2
δK
K
∝ ∂
2F
∂V 2
= η
dβ
dV
+ β2
∂η
∂∆
(20)
The field dependence of the sound velocity for B par-
allel and perpendicular to the metamagnetic direction is
illustrated in Fig. 10, for ∆dβ/dV = 0.4β2 . In the top
panel, there is an asymmetric dip at b = 1 that sharp-
ens as T → 0. The dip comes from ∆ ∂η/∂∆ and the
asymmetry comes from η, with
η =
1
1
2e
∆/kTsech (γB/kT ) + 1
(21)
and ∂η/∂∆ = (1/kT )(η(1 − η). The behavior shown
bears a striking resemblance to the experimentally
observed sound velocities28–32.
The temperature dependence of the sound velocity is
shown in Fig. 11 and exhibits the characteristic dip at a
temperature of the order of ∆/k observed experimentally.
Eq. (17) also provides access to magnetostriction. We
have dP = −(K/V )dV − β ∂η/∂B, hence
1
V
∂V
∂B
∣∣∣∣
P
=
β
K
∂η
∂B
=
1
K
∂M
∂V
, (22)
with ∂M/∂V = β ∂M/∂∆. The measured values of the
magnetostriction27 along z bear a striking resemblance
to this result with η from Eq. (21) or M from Eq. (4) .
Apart from the above other useful relations also follow.
There is a general relationship between derivatives of the
free energy F with respect to ∆ and those with respect
to B. For example:
γ2
∂F
∂∆
=
(
∂F
∂B
)2
− kT ∂
2F
∂B2
, (23)
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FIG. 9. Shows the heat capacity as a function of the mag-
netic field at different temperatures calculated for a small tilt
(s= 0.05) of the magnetic field with respect to the z-axis.
Note the single peak in CV /T at the lowest temperature.
Without this tilt, or in general when there is no anti-crossing
of the energy levels, the field dependence of the heat capac-
ity has a double peaked structure at very low T , as shown in
the inset. Behavior qualitatively similar to that shown in this
figure has been observed in CeRu2Si2
?
.
which also becomes, with P0 = (K0/V0)(V − V0),
P − P0 = −
(
∂∆
∂V
) [
kT
∆
χ (T,B) + m(T,B)
2
]
. (24)
Here m and the susceptibility are both fully dependent
on the magnetic field.
D. Observables
While the experiments measure samples at constant
pressure, all theory is indeed done at constant volume.
In the absence of magnetostriction, the constant pressure
and constant volume observables are identical. Otherwise
they are related by thermodynamics. To discuss them, it
is convenient to revert to the standard unscaled variables.
The dynamic susceptibility is χ(B, V ) = ∂M/∂B =
(γ2/∆) ∂m/∂b. We have
χP − χV =
(
∂M
∂V
)
∂V
∂B
∣∣∣∣
P
=
V
K
(
∂M
∂V
)2
. (25)
As in Eq. (22), ∂M/∂V = β ∂M/∂∆ and ∂M/∂∆
is strongly peaked at the critical point, differing from
(1/γ) ∂M/∂B by terms of order e−∆/kT .
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FIG. 10. Shows the expected behavior of the longitudinal
sound velocity as a function of the magnetic field at different
temperatures obtained in the model. The top panel illustrates
the behavior expected when the field is parallel to z and the
bottom panel when it is perpendicular to it.
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FIG. 11. Shows the temperature dependence of the longitu-
dinal sound velocity at zero field obtained in the model.
For the specific heat, analogously to Eq.(25),
CP − CV = T
(
∂S
∂V
)
∂V
∂T
∣∣∣∣
P
=
TV
K
(
∂S
∂V
)2
, (26)
with ∂S/∂V = ∂P/∂T = β ∂η/∂T . Similar to the sus-
ceptibility the correction strongly peaks at the critical
8point.
Similarly for the bulk modulus,
KM
KB
=
κB
κM
=
χP
χV
> 1 (27)
Here κH is the compressibility at constant magnetic
field, and κM is that at constant magnetization. We
note that in the classical analysis of the temperature
dependence of the sound velocity in air Newton had used
the isothermal compressibility. But Lagrange noted that
at a typical sound frequency, it should be the adiabatic
compressibility that should be used in the expression
for sound velocity. In solids the difference between the
adiabatic and isothermal compressibilities is usually
unimportant. However, here we have the additional
question : should it be the constant magnetization or
constant field compressibility that should be used to
calculate the sound velocity.
While the discussion above considered the difference
between the susceptibilties at constant volume and con-
stant pressure, we must also evaluate the effect of such
a transformation on the magnetization per se. The
magnetization at constant volume is of course given by
−(∂F/∂B)V . But the experimental volume V is a func-
tion of both P and B, and in general also T . Confining
ourselves to an isothermal situation V = V (P,B). Since
the volume depends on the magnetic field for each field we
can seek that pressure which would restore the volume
back to its zero field value. Alternately, since the sin-
gle energy scale is pressure dependent we can seek that
value of ∆ which would restore the volume. In effect,
to compare theory with experiment M has to be evalu-
ated at ∆0−K/V β2(∂F/∂∆)). An example plot of such
a conversion from constant V to constant P is given in
Fig. 12 and may be compared to a similar analysis given
by Matsuhira et al35.
E. Ginzburg Landau Description
A magnet is often described by a Ginzburg-Landau
free energy which in our dimensionless notation is
FGL = −bm+ a2m2 + a4m4 + a6m6 + ... (28)
,
Here the coefficients ai (i = 2, 4, 6) incorporate the
temperature dependence. The equilibrium equation of
state b(m,T ) then is given by the minimum of FGL with
respect to m. On the other hand, at small b
m = χ1b+ χ3b
3 + χ5b
5 + ....
We see that
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FIG. 12. Shows the transformation of the magnetization
from a constant P to a constant V condition. For the purpose
of illustration here (V/∆) d∆/dV = 0.4.
a2 = 1/2χ1
a4 = −χ3/4χ41
a6 = −
(
χ5/[6χ
6
1
) [
1− 3χ23/χ5χ1
]
These are model independent relationships. All
coefficients of F are positive if χ1 is positive and χ3
and χ5 are both negative. This is the case at high
temperatures. The curious result here is that whenever
χ5 > 0, then (for χ1 > 0) the parenthesis must be
negative, or 3(χ3)
2 > χ5χ1 for the equilibrium state to
be bounded. In the interesting range of temperatures in
UPt3 where χ3 > 0 and a4 < 0, the coefficient a6 < 0,
indicating an overall instability of the GL expansion. In
any case GL is supposed to be an expansion for small
order parameters and metamagnetism leads to a large
magnetization. Therefore one might not expect GL to
be a valid representation.
III. INCLUDING OTHER DEGREES OF
FREEDOM
A. Mean Field Effects
The models above are all single site models. In a
solid there are interionic exchange effects that will affect
metamagnetism. These effects can be incorporated in
the mean field approximation as noted by Morin and
Schmitt36. In this section we show how they modify two
salient features of metamagnetism: the magnetization
isotherms near the critical point (see Fig. 1) and the
temperature dependence of the susceptibilities (Fig. 2).
To be definite, the discussion will be within the frame-
work of the minimal model with B-field along z (Section
IA), although some of the results are easily extended
9to other scenarios. In the mean field approximation,
the exchange interaction
∑
JijSi · Sj (for i 6= j) is
accounted for by the prescription: the external field B
everywhere is replaced by B + λM , and M is computed
self-consistently. Many well-known spin arrangements
can result, but we will confine our treatment to the
simplest cases: ferromagnetism and antiferromagnetism.
If the generalized Jij depends on the relative position
u = ri − rj , it follows that in terms of its Fourier
transform J(q), λ = J(q = 0) leads to ferromagnetism
if it is positve, and for nearest neighbor interaction,
λ ≈ zJ with z as the coordination number. For antifer-
romagnetism, we must have a negative λ = J(q = G/2),
where G is the appropriate reciprocal lattice vector. We
deal only with cases where the mean field alters the
metamaghnetic state but does not lead to an ordered
phase.
1. Magnetization - Shift of Bc
Recall the characteristic metamagnetic behavior,
shown in Fig. 1: when T → 0 the magnetization rises
abruptly at the critical field b = 1, and the isotherms
cross at m = 1/2. This behavior persists when λ is fi-
nite, but not too large in magnitude, with one main dif-
ference: For ferromagnetic exchange (λ > 0), the critical
field shifts from b = 1 to a smaller value and the meta-
magnetic transition is sharpened; for antiferromagnetic
exchange the contrary happens. The shifted critical field
is at Bc = ∆(1 − λ/2) at T = 0 and remains close to it
for small τ . All these features are seen in Fig. 8, where
the arrows show the position of bc = Bc/∆.
More in detail, the self consistency equation is m˜ = m(b˜),
where b˜ = b + λm˜ and the function m(b) is given in
Eq. (4). The critical point is at (b˜ = 1, m˜ = 1/2), which
gives bc = b + λ/2. The width of the transition, w˜, is
given by the inverse of ∂m˜/∂b at the critical point, where
it peaks. Using ∂m˜/∂b = (∂m/∂b)(1 + λ∂m˜/∂b) we see
that in general w˜ scales as 1−λ; for small τ , w˜ = τ(1−λ).
2. Susceptibilities
In the mean field approximation, the linear and
nonlinear susceptibilities become
χ˜1 =
χ1
1− λχ1 (29)
χ˜3 =
χ3
(1− λ χ1 )4
(30)
χ˜5 =
(χ1χ5 − 3χ32)λ+ χ5
(1− λ χ1 )7
, (31)
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FIG. 13. : The magnetization isotherms with the inclusion
of both ferromagnetic (λ > 0) and antiferromagnetic (λ < 0)
mean fields compared with the case of zero mean field.
.
where χ1, χ3, χ5 are the susceptibilities for λ = 0, along
z or along x . These are general formulae, valid as long
as |λ|χ1 is less than 1, i.e., for temperatures above a
(possible) ordering phase transition.
It is worth noting that 1/χ1 and 1/χ˜1 share a charac-
teristic temperture dependence, shown in Fig. 9. They
both have a minimum at the same temperature, τ1 =
0.6835. For τ > τ1 we have χ1 ≈ 2/(3τ + 1) =
2∆/(3kT + ∆). This looks like the susceptibility of an
antiferromagnet with a Curie-Weiss temperature −∆/3k,
i.e. a Ne´el temperature ∆/3k. This behavior should not
be interpreted as due to interionic exchange. However,
it modifies the Curie-Weiss temperature for χ˜1. From
1/χ˜1 = 1/χ1 − λ ≈ (3τ + 1 − 2λ)/2, which gives an ef-
fective Curie-Weiss temperature Θ = (∆/3k)(2λ − 1) =
(T1/2.05)(2λ− 1).
While the position of the peak in the susceptibility
is not altered with the introduction of a mean field,
the critical field is indeed sensitive to λ. As we have
discussed above, positive values of λ i.e. a ferromagnetic
mean field shift Bc to lower values and vice versa. Thus
in those metamagnets which are close to a ferromagnetic
instability the critical field can be sufficiently reduced to
require a modified single energy scaling. Indeed in such
materials as UCoAl the critical field can be a tenth of
the expected field, Bc = kT1/γ, based on linear scaling
with T1
37,38. Figure 13 illustrates this point.
B. Level Broadening and Interactions
While it is clear from the above discussion that the
minimal model captures a number of salient features of
itinerant metamagnets there are others that it is not able
to account for. Notable amongst these is the failure to
account for the large non-zero values of the linear suscep-
tibility at T = 0 seen in almost all metamagnets. While
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FIG. 14. Shows the deviation from linearity with temper-
ature of the inverse differential susceptibility at the critical
field modeled by adding a level broadening of width w. In
this plot the parameter w has been chosen appropriate for
CeRu2Si2.
this is an obvious shortcoming relevant at zero-field there
are also observations in the critical region that the model
does not account for. For instance, the differential sus-
ceptibility at b = 1 follows a strict T−1 relationship in
the model for T → 0. Experimentally as noted in a
number of cases the differential susceptibility saturates
in the subKelvin region39 as does the longitudinal sound
velocity31. To account for this behavior we augmented
the minimal model with a energy level broadening, shown
by a hatched region in Fig. 7b, parametrized by w and by
replacing the temperature T by
√
T 2 + w2. Numerically
the value of w turns out to be the temperature where
a deviation from a linear behavior in the (∂m/∂b)−1 vs.
T plot is seen. Such a plot appropriate for CeRu2Si2 is
shown in Fig. 14 where w = 0.6 K. The same value of level
broadening is also able to account successfully for the
critical field behavior of the magnetization (see Fig. 15)
as T → 0 and the zero field longitudinal sound velocity
in the same temperature limit13. Experimentally one ob-
serves a near T 2 dependence for both the magnetization16
(for B close to Bc) and the zero field sound velocity at
mK temperatures42. The minimal model however yields
a flat or T-independent behavior for both the physical
quantities.
While a level broadening scheme can account satifac-
torily for the high field behavior it fails quantitatively to
account for the zero-field susceptibility. With the value
of w that produces the correct saturation of (∂m/∂b)−1 a
non-zero value of χ1(0) does indeed result but is too small
compared with experiments. It is possible to rectify this
situation i.e. preserve the small value of w needed to ex-
plain the critical field behavior yet obtain a large χ1(0) if
the ground state is postulated to be a doublet with a con-
current lifting of its degeneracy as shown by the dotted
line inside the hatched region in Fig. 6a. It appears that
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FIG. 15. Shows the behavior of the magnetization in the
very low temperature (T<1K) region obtained in the model
with a level broadening w included. In this low tempera-
ture limit the magnetization is observed to obey a T 2 depen-
dence, a behavior readily obtained from the Maxwell relation
∂M/∂T = ∂S/∂B since S ∼ T for a Fermi system. In this
plot again the parameters have been chosen appropriate for
CeRu2Si2. To accommodate all three curves on the same plot
an arbitrary and different offset is applied on the vertical scale
(hence ∆M).
to obtain such a doublet one has to go beyond effective
spin 1 models (see for example41).
As an alternate to the level broadening scheme inter-
actions can be taken into account by introducing an off-
diagonal matrix element v that mixes the gound-state
singlet with the doublet of the Hamiltonian (2). As
shown in Section IIc, a magnetic field tilted at an angle
θ from z leads to an avoided crossing at b = 1, and hence
to a broadened metamagnetic transition. The same ob-
tains for any matrix element v, leading to the eigennvalue
equation
λ3 − 2λ2 + λ (1− b2 − 2v2)+ 2v2 = 0, (32)
This is the same as Eq. (14) with b2 → b2 + 2v2 and
b2x → 2v2 (which implies b2z → b2). The same replacement
can be made in all the remaining formulas of Section IIc.
In particular, Eq. (15) becomes the standard two-level
formula
λ1,2 ≈ 1
2
(
1− bz ±
√
(1− bz)2 + 4v2
)
.
The anticrossing illustrated in fig.7 can also be at-
tributed to a certain value of ’v’ rather than the tilt as
specified.
11
IV. DISCUSSION
Strongly correlated heavy fermions come in a variety
of crystal structures and weakly magnetic ground states.
The many body interactions and crystal structures lead
to a specific energy level sequence, which can be written
down as a spin Hamiltonian, with its own characteris-
tic anisotropy. The latter can then be studied for its
response to a magnetic field in a given direction with re-
spect to the crystalline axes. The nonlinear part of this
response has also been calculated within the context of
the Anderson Model though with difficulty15. Such cal-
culations are material specific. Yet the measured prop-
erties are often universal. They involve a small number
of energy scales. In that sense, the attempt in this paper
is the proverbial first step in search of a minimal spin
Hamiltonian. We have shown, to lowest order, that the
phenomena of metamagnetism can be described in terms
of an S = 1 pseudospin with one energy scale that of a
singlet ground state separated from a doublet. The lower
state of the doublet, under a magnetic field crosses the
singlet and at that point we have a large magnetization
response thus defining the critical field. These are the
features of a typical hard axis spin Hamiltonian.
To summarize, in a minimal model, with a spin only
Hamiltonian for metamagnetism where the critical field is
shown to be related to the peak temperatures in nonlin-
ear susceptibilities, the model captures many of the ob-
served features in the thermodynamic properties and the
sound velocity. The model obviously excludes any treat-
ment of transport properties. Instead it assumes that
magnetic properties including magnetoelastic effects, can
be effectively described independently of transport. Mag-
netostriction is simply accounted for by the parameter
β = dln∆dV . In this paper only the uniform dilation and
the corresponding sound velocity are considered. But the
extension to arbitrary strain is straightforward.
We have also briefly discussed the inclusion of other
degrees of freedom, to the extent that they modify the re-
sults of the simple one spin localized model. Interactions
with spins in other sites are treated in the mean field ap-
proximation. They can significantly shift the critical field
for metamagnetism and even lead to a phase transition
that is a mix of meta and ferro (or anti-ferro) magnetism.
We plan to examine this mixed transition in future work.
All other effects are accounted for, phenomenologically
by a parameter w. Thus in the final analysis the full
model involves several parameters, in addition to ∆, and
γ that are absorbed by rescaling into ”universal” plots.
There are β, λ (for the mean field strength) and w and
others that we have mentioned and it is possible that ad-
ditional parameters (for instance an anisotropy of the g-
factor) will be required to fully describe all the complexi-
ties of heavy fermion materials. Also, in our presentation
we have considered incorporating into the equations one
parameter at a time. In the end it will be left to the ex-
perimentalists to determine when all presented aspects
are considered the extent to which this model falls short
in describing their data. Whether useful predictions to
aid in the discovery of future heavy fermion materials
from this model remains to be seen.
1 According to E. Stryjewski and N. Giordano (Adv. in
Phys. 26, 487 (1977)), the name metamagnetism was
coined by H. A. Kramers. See their ref. 1. Stryjewski and
Giordano is a review of the rich details of metamagnetism
in the transition metal (and some rare earth) compounds.
The narrative is largely focused on the effects arising
from the inter ion exchange interaction, albeit within
the context of a mean field theory. The phenomenon of
metamagnetism need not be confined only to solid state
systems. It is theorized to occur in liquid He-3 also.
2 K. Aoki, W. Knafo, and I. Sheikin, Heavy fermions in
high magnetic field, Comptes Rendus Physique, 14, V,
(2013).
3 Y. Hirose, M. Toda, S. Yoshiuchi et al., ”Metam-
agnetic Transition in Heavy Fermion Compounds
Y bT2Zn20(T : Co,Rh, Ir)”, Jour. of Phys.: Conf. Ser.,
273, 012003 (2011).
4 H. Saito, T. Yokoyama, Y. Terada et al, Sol. St. Com.
Universal linear relation between the critical field and the
inverse susceptibility for Co-based Laves-phase metamag-
nets, 113, 447-450 (2000).
5 A re-examination of concepts in magnetic metals: The
nearly antiferromagnetic Fermi liquid, P.W. Anderson,
Advances in Physics, 46, 3, 1997.
6 T. Sakakibara, T. Goto, K. Yoshimura, K. Murata and K.
Fukamichi, Susceptibility maximum and metamagnetism
in nearly ferromagnetic Laves phase intermetallic com-
pounds, Journal of Magnetism and Magnetic Materials,
90-91, 131-134, (1990).
7 B. S. Shivaram, B. Dorsey, D. Hinks and P. Kumar,
Metamagnetism and the fifth-order susceptibility in UPt3,
Phys. Rev. B89, 161108(RC), (2014).
8 B. S. Shivaram, D. G. Hinks, M. B. Maple, M. A.
deAndrade and P. Kumar, Universality in the Magnetic
Response of Metamagnetic Metals, Phys. Rev. B89,
241107, (2014).
9 J. Zieglowski, H. U. Hafner and D. Wohlleben, Volume
magnetostriction of rare-earth metals with unstable 4f
shells, Phys. Rev. Lett., 56, 193 (1986).
10 P. Thalmeier and P. Fulde, Simple scaling approach to
the volume magnetostriction in unstable-moment systems,
12
Europhys. Lett. 1, 367-371 (1986).
11 M.A. Continentino, G.M. Japiassu and Amos Troper,
”Critical approach to the coherence transition in Kondo
lattices”, Phys. Rev., B39, 9734, (1989).
12 M. Continentino. Scaling in heavy fermions: the case of
CeRu2Si2, Journal de Physique I, EDP Sciences, 1, 693,
(1991).
13 B. S. Shivaram, V. W. Ulrich, P. Kumar and V. Celli,
High-field ultrasound measurements in UPt3 and the
single-energy-scale model of metamagnetism, Phys. Rev.
B91, 115110, (2015).
14 J. G. Park, P. Haen, P. Lejay and J. Voiron, J. Phys.
Condens. Matter, 6, 9383, (1994).
15 E.D. Bauer et al., Nonlinear Susceptibility: Evidence
for antoferroquadrupolar fluctuations and a nonmag-
netic ground state in the heavy fermion superconductor
PrOs4Sb12, Phys. Rev., B73, 094511, (2006).
16 C. Paulsen, et al., ”Low-Temperature Properties of the
Heavy-Fermion Compound CeRu2Si2 at the Metamag-
netic Transition”, Journal of Low Temperature Physics,
81, 317, (1990).
17 A.V. Andreev, et al., ”Magnetism in a UNi2/3Rh1/3Al
single crystal”, Phil. Mag, 2003, 83, 16131630, (2003).
18 J. Sichelschmidt, V.A. Ivanshin, J. Ferstl, C. Geibel, F.
Steglich, ”Low Temperature Electron Spin Resonance of
the Kondo Ion in a Heavy Fermion Metal: Y bRh2Si2”,
Phys. Rev. Lett.,91, 156401 (2003).
19 M. M. Altarawneh, N. Harrison, G. Li, L. Balicas, P. H.
Tobash, F. Ronning, and E. D. Bauer, ” Superconducting
Pairs with Extreme Uniaxial Anisotropy in URu2Si2”,
Phys. Rev. Lett., 108, 066407 (2012).
20 H. Yamada, Metamagnetic transition and susceptibility
maximum in an itinerant-electron system, Phys. Rev.,
B47, 11211, (1993).
21 Tsuneaki Goto,Kazuaki Fukamichi, Hideji Yamada,
Itinerant electron metamagnetism and peculiar magnetic
properties observed in 3d and 5f intermetallics, Physica,
B300, 167185, (2001).
22 G. E. Brodale, R. A. Fisher, Norman E. Phillips and J.
Flouquet, Pressure Dependence of the Low-Temperature
Specific Heat of the Heavy-Fermion Compound CeAl3,
Phys. Rev. Lett. , 56, 390, (1986).
23 R. Vollmer, et al., Low temperature specific heat of the
heavy fermion superconductor PrOs4Sb12, Phys. Rev.
Lett.,90, 057001, (2003).
24 Y. Aoki, et al., Thermal properties of metamagnetic tran-
sition in heavy-fermion systems, Journal of Magnetism
and Magnetic Materials, 177-181, 271-276, (1998).
25 T. Muller, W. Joss, and L. Taillefer, Specific heat of UPt3
at the metamagnetic phase transition, Phys. Rev.,B40,
2614, (1989).
26 M. Evangelisti, F. Luis, L. J. de Jonghc and M. Affronte,
Magnetothermal properties of molecule-based materials,
J. Mater. Chem., 16, 2534, (2006).
27 L. Puech, J.M. Mignot, P. Lejay, P. Haen and J. Flouquet,
High Field Magnetostriction in the psuedo-metamagnetic
Heavy Fermion System CeRu2Si2, J. Low Temp. Phys.,
70, 237, (1988).
28 B Luthi and M Yoshizawa, Electron-Phonon Coupling
in Heavy Fermion Systems, Journal of Magnetism and
Magnetic Materials, 63-64, 274, (1987).
29 B. Wolf, W. Sixl, R. Graf, D. Finsterbusch, G. Bruls, B.
Luthi, E. A. Knetsch, A. A. Menovsky, and J. A. Mydosh,
Elastic Properties of the Heavy Fermion Superconductor
URu2Si2, Journal of Low Temperature Physics, 94, 307,
(1994).
30 Tatsuya Yanasigawa, Yuichi Nemoto, Terutaka Goto and
Yoshichika Onuki, ”Ultrasonic Investigation of Metam-
agnetic Transition in CeRu2Si2”, J. Phys. Soc. Jpn., 71,
Suppl. 267-269, (2002).
31 J. R. Feller and J. B. Ketterson, D. G. Hinks, D. Dasgupta
and Bimal K. Sarma, ”Acoustic anomalies in UPt3 at
high magnetic fields and low temperatures”, Phys. Rev.,
B62, 11538, (2000).
32 A. Suslov, D. Dasgupta, J. R. Feller, J. B. Ketterson, and
B. K. Sarma, J. Low Temp. Phys., 121, 221 (2000).
33 M. Boukhny, G. L. Bullock, and B. S. Shivaram, ”Ther-
modynamics of superconducting UPt3 under uniaxial
pressure”, Phys. Rev., B50, 8985, 1994.
34 G.L. Bullock, B.S. Shivaram, D.G. Hinks, ”Constraints
on the Strain-Dependence of the UPt3 Superconducting
Transition From Longitudinal-Ultrasound Measurements”,
Europhysics Letters, 21, 357, (1993).
35 Kazuyuki Matsuhira, Toshiro Sakakibara, Hiroshi Amit-
suka, Kenichi Tenya, Kenji Kamashima, Tsuneaki Goto
and Giyuu Kido, ”Single-Site and Inter-Site Effects in
Heavy Fermion Compound CeRu2Si2 Studied by Con-
stant Volume Dilution”, Journal of the Physical Society
of Japan, 66, 2851-2863, (1997).
36 P. Morin and D. Schmitt, Third-order magnetic sus-
ceptibility as a new method for studying quadrupolar
interactions in rare-earth compounds, Phys. Rev., B23,
5936, (1981).
37 V. Sechovsky et al., Systematics across the UTX series
(T= Ru, Co, Ni; X= Al, Ga, Sn) of high-field and low-
temperature properties of non-ferromagnetic compounds,
Physica, B142 , 283, (1986).
38 A.V. Andreev, R.Z. Levitin, Yu.F. Popov, R.Yu. Yu-
maguzhin, Metamagnetism of UAlCo, Sov. Phys. Solid
State, 27,1145, (1985).
13
39 J. Flouquet, S. Kambe, L.P. Regnault, P. Haen, J.P. Bri-
son, F. Lapierre, P. Lejay, ”The heavy fermion compound
CeRu2Si2: Magnetic instability, lattice quasicollapse and
metamagnetism”, Physica, B215, 77-87,(1995).
40 V. Sechovsky, L. Havela, in: K.H.J. Buschow (Ed.),
Handbook of Magnetic Materials, Vol. 11, Elsevier Science
B.V, Amsterdam, 1998, p. 1.
41 B S Shivaram, E Colineau, J Griveau, P Kumar and V
Celli, ”The linear and non-linear magnetic response of a
tri-uranium single molecule magnet”, Journal of Physics
Condensed Matter, 29, 095805, 2016.
42 B. Batlogg, D. J. Bishop, B. Golding, E. Bucher, J. Huf-
nagl, Z. Fisk, J. L. Smith and H.R.Ott, ”Unrenormalized
ultrasound attenuation in the heavy-fermion state”, Phys.
Rev. B33, 5906, (1986).
43 Andreas Hackl and Matthias Vojta, ”Zeeman-Driven
Lifshitz Transition: A Model for the Experimentally
Observed Fermi-Surface Reconstruction in YbRh2Si2”,
Phys. Rev. Lett., 106, 137002, (2011).
44 R.J. Radwanski, D.M. Nalecza, S.S. Fedyka and Z.
Ropkab, ”Localized f Electron Aspect in Heavy-Fermion
Intermetallic YbRh2Si2”, Acta Physica A Polonica, A387,
133, (2018).
45 B. Binz, H. B. Braun, T. M. Rice, and M. Sigrist,
Magnetic domain formation in itinerant metamagnets,
Phys. Rev. Lett., 96, 196406 (2006).
46 R. Z. Levitin and A. S. Markosyan, Itinerant metamag-
netism, Sov. Phys. Usp., 31, 730, (1988).
Appendix A: Negative ∆
If ∆ < 0 in the minimal Hamiltonian H of Eq. (2), the
spin likes to point in the z direction. The eigenvalues
are as shown in Fig. 6a, turned upside down, with the
understanding that now b = γB/|∆|. The equations of
Section III remain valid for negative ∆; in the scaled
variables, simplly change the sign of b and τ , and also of
χ (snce it is defined as ∂m/∂b.
Noting that −S2z is equivalent to S2x+S2y , we expect that
negative ∆ will give ”weak metamagnetism” when B is
in the xy-plane. This is now the interesting case, and
we discuss it below, leaving aside the simple near-Curie
behavior for B along z (and also the gradual change
with angle from z to x).
1. B along x
The dimensionless magnetization, m, is given by
Eq. (9), but with e1/2τ replacing e−1/2τ in the denom-
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FIG. 16. : Shows the magnetization isotherms obtained in the
minimal model when ∆ is negative. A weak metamagnetism
is seen which becomes clear when the derivative is considered
- see inset.
.
inator. As a consequence, the isotherms are depressed,
compared to those of Fig. 4, and at low T have an
inflection point, as seen in Fig. 13. In this respect, they
resemble those of Fig. 1, for ∆ > 0 in the metamagnetic
direction z . However, there is no critical point at
b = 1, no curve crossing, and the inflection point already
disappears at τ = 0.2.
